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Abstract 

The local and manifestly covariant Lagrangian interactions in four 
spacetime dimensions that can be added to a free model that describes 
00 ■ a massless Rarita-Schwinger theory and an Abelian BF theory are 

CO | constructed by means of deforming the solution to the master equation 

CN ' on behalf of specific cohomological techniques. 
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00 . 
O ■ 

! 1 Introduction 

X' 

Topological field theories [I]- [2] are important in view of the fact that certain 
interacting, non- Abelian versions are related to a Poisson structure algebra [3] 
present in various versions of Poisson sigma models [3] -[10], which are known 
to be useful at the study of two-dimensional gravity [H] [20] (for a detailed 
approach, see [21]). It is well known that pure three-dimensional gravity 
is just a BF theory. Moreover, in higher dimensions general relativity and 
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supergravity in Ashtekar formalism may also be formulated as topological 
BF theories with some extra constraints |22|-[25|. In view of these results, 
it is important to know the self-interactions in BF theories as well as the 
couplings between BF models and other theories. This problem has been 
considered in literature in relation with self-interactions in various classes of 
BF models [2B] [32] and couplings to other (matter or gauge) fields [33] [5E] 
by using the powerful BRST cohomological reformulation of the problem of 
constructing consistent interactions within the Lagrangian [37] or the Hamil- 
tonian [38] setting. Other aspects concerning interacting, topological BF 
models can be found in [39] and [ID]. 

The scope of this paper is to investigate the consistent interactions that 
can be added to a free, Abelian gauge theory consisting of a BF model 
and a massless Rarita-Schwinger field in D = 4. This matter is addressed 
by means of the deformation of the solution to the master equation from 
the BRST-antifield formalism [37J. Under the hypotheses of smooth, local, 
Lorentz covariant, and Poincare invariant interactions, supplemented with 
the requirement on the preservation of the number of derivatives on each 
field with respect to the free theory, we obtain the most general form of the 
theory that describes the cross-couplings between a BF model and a massless 
spin-3/2 field. The resulting interacting model is accurately formulated in 
terms of a gauge theory with gauge transformations that close according to an 
open algebra (the commutators among the deformed gauge transformations 
only close on the stationary surface of deformed field equations), which are 
on-shell, second-order reducible. An interesting feature of the coupled theory 
is the appearance of certain similarities with the gauge symmetries from the 
gravitini sector of N — 1, D — 4 conformal SUGRA at the level of local 
Q-supersymmetry and U (1) gauge symmetry. 

2 Free model: Lagrangian formulation and 
BRST symmetry 

We start from a free four-dimensional theory whose Lagrangian action is 
written as the sum between the action for a massless Rarita-Schwinger field 
and the action for a topological BF theory involving one scalar field, two 
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one-forms and one two-form 



>x(£ M + £ BF ). (1) 



We work with a Minkowski- flat metric tensor of 'mostly minus' signature 

= o^y — [A ) and employ the Majorana representation of the 

Clifford algebra 

llflv + Ivlfi = 2<7 /1 „l. (2) 

This means that all the 7-matrices are purely imaginary, with 70 Hermitian 
and 7j anti-Hermitian. The charge conjugation matrix in this representation 
is given by 

C = -7°, (3) 

while the Dirac and the charge conjugation operations are respectively de- 
fined by the expressions 

4, = i> V, = (C^) T . (4) 

In the above we denoted by t and T the operations of Hermitian conjugation 
and transposition, respectively. The Rarita-Schwinger field ip^ is a Majorana 
vector spinor 

% = %■ (5) 

For definiteness, we take a basis in the vector space of 4 x 4 complex matrices 
of the form 

{I? T/i) Tjui;> ^jxvpi 7s} j (6) 

where the generic notation 7 w ... Mfe means the (normalized) antisymmetrical 
product of k 7-matrices 

EH' (7) 

' <res k 

Sk and (— ) a denote the set of permutations of {1, ... , k} and the signature 
of the permutation a, respectively. Finally, the matrix 75 is defined in the 
standard manner as 75 = i7°7 1 7 2 7 3 . Also, it is useful to recall the four- 
dimensional duality relations among the various matrices 7 w ... Mfc , namely 
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fj.ll 



T 

.0123 
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(9) 



where we used the convention £0123 — —s = 1 for the four- dimensional 
Levi-Civita symbol. In the chosen representation of algebra ([2]), the 7- 
matrices exhibit the following symmetry/antisymmetry properties 



(7 V) T 
(7°7^) T 



7V, 



(tV) T = 
(7°7 5 )" 



7°7^, 



-7°7s- 



(10) 
(11) 



Spinor-like indices will be denoted everywhere by Latin capital letters, such 
that 



\K1 



Action ([T]) is found invariant under the gauge transformations 



8 e tp 



0. 



(12) 
(13) 



where the gauge parameters e, e^ v , and e^ up are bosonic, with e pv and e^ up 
completely antisymmetric. In addition, the gauge parameter x is a Majorana 
spinor 

fx 1 \ 



x = (x A ) 



A=1A 



\x 4 J 



From f|T2|) and f|T3|) we read the nonvanishing gauge generators of the fields, 
written in De Witt condensed notations, as 



(B)> a Pl 



sir, 



(14) 
(15) 



where we put an extra lower index ((A), (H), etc.) in order to indicate the 
field to which a certain gauge generator is associated with. Everywhere in 
this paper we use the convention that the symbol [af3 ... 7] signifies the oper- 
ation of complete antisymmetry with respect to the (Lorentz) indices between 
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brackets, with the conventions that the minimum number of terms is always 
used and the result is never divided by the number of terms. The above gauge 
transformations are Abelian and off-shell, second-order reducible. More pre- 
cisely, the gauge generators of the one-form if M are second-order reducible, 
with the first- and respectively second-order reducibility functions 

1 / / / \ i i i 

{Zl^U'v'p 1 = -2<VC<5p,], (Z% UP ) a >P' 1 >8' = --0[a'5£,flyfl£,], (16) 

while the gauge generators of the two-form B^ v are first-order reducible, with 
the reducibility functions 

{2^)wx> = -\dvft%8{ v (17) 

such that the concrete form of the first- and second-order reducibility rela- 
tions are expressed by 

( Z (H))<xP( Z l V"V = °> ( Z (B))<*Pl( Z l ^V'v'p'* = (18) 

and 

(Z* )^y(^2 " P )a'P'j'S' = 0, (19) 

respectively. We observe that the theory described by action ([T]) is a usual 
linear gauge theory (its field equations are linear in the fields and first-order 
in their spacetime derivatives), whose generating set of gauge transformations 
is second-order reducible, such that we can define in a consistent manner its 
Cauchy order, which is found equal to four. 

In order to construct the BRST symmetry of this free theory, we introduce 
the field/ghost and antifield spectra 

= (A»,H»,tp,B^,^), ^ = (^ ) n;y ) B; ) f) l (20) 

rT = ( V ,C^, V ^,0, »& = 07*,C£,,^p,r), (21) 

v as = v: 3 = c; upX . (23) 

The fermionic ghosts (rj, C^, ri^ up ) respectively correspond to the bosonic 
gauge parameters (e, e plJ , e^ p ), the bosonic ghosts for ghosts rf 1 are due to 
the first-order reducibility relations ffTSl . while the fermionic ghosts for ghosts 
for ghosts r) a3 are required by the second-order reducibility relations f[T9~j) . In 
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addition, the ghost £, associated with the gauge parameter x> is a bosonic 
spinor of purely imaginary components. The star variables represent the 
antifields of the corresponding fields/ghosts. Their Grassmann parities are 
obtained via the usual rule 

£ (Xl) = {e (X A ) + 1) mod 2, 
where we employed the notations 

x a = ( $«o ; ^ 1; ^ 2) ^3 ); xl = (^ ao ,rj* ai ,rj* a2 ,r]*J . (24) 

Since both the gauge generators and the reducibility functions are field- 
independent, it follows that the BRST differential simply reduces to 

s = 5 + 7, (25) 

where 5 is the Koszul-Tate differential and 7 means the exterior longitudinal 
derivative. The Koszul-Tate differential is graded in terms of the antighost 
number (agh, agh (5) = — 1, agh (7) = 0) and enforces a resolution of the 
algebra of smooth functions defined on the stationary surface of field equa- 
tions for action flTJ), C°° (E), E : 5So/5§ a ° = 0. The exterior longitudinal 
derivative is graded in terms of the pure ghost number (pgh, pgh (7) = 1, 
pgh (5) = 0) and is correlated with the original gauge symmetry via its coho- 
mology at pure ghost number zero computed in C°° (E), which is isomorphic 
to the algebra of physical observables for the free theory. These two degrees 
of the generators (T20T) — (T2H|) from the BRST complex are valued like 



pgh($ Q0 ) = 0, pgh(^) = l, (26) 

pgh(7f 2 ) = 2, pgh(^) = 3, (27) 

pgh($; o ) = pgh (74) = pgh (t^) = pgh (74) =0, (28) 

agh ($ ao ) = agh (r/ Ql ) = agh (r/° 2 ) = agh (r/" 3 ) = 0, (29) 

agh($*j = 1, agh (r4) =2, (30) 

agh (74) = 3, agh (74) =4, (31) 

where the (right) actions of 5 and 7 on them read as 

5$ Q o = g v <*i = Sr] *2 = S7] a 3 = 0> (32) 

6A* = d»B^, 6H* = -dtf, (33) 
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5<p* = d»H„ 5B ; v = --d { ,A u]l (34) 

5^ = -idJ p r vp , <fy* = -<9M*, 8C; V = <VC ]5 (35) 

K»p = W P \ > *r = *C^ p = , (36) 

s V% pX = -d^vtpx], 5C l V p\ = d \p. c tp\)i ( 37 ) 

lK = JV* ai = JV* a2 = 7< = °> ( 38 ) 

1 A» = d^r], ryH" = 2d v C^, = -38^", (39) 

lip = 0, 7^ = d^, (40) 

T?7 = 7 £ = 0, 7(7"" = -3d p C^, 777""' = 4d x rT px , (41) 

T C^ = Ad x C a,px , ^rf vpx = jC» upx = 0. (42) 



The overall degree of the BRST complex is named ghost number (gh) and 
is defined like the difference between the pure ghost number and the antighost 
number, such that gh (s) = gh (5) = gh (7) = 1. The BRST differential 
is known to have a canonical action in a structure named antibracket and 
denoted by the symbol (, ) (s- = (•, S)), which is obtained by decreeing the 
fields/ghosts respectively conjugated to the corresponding antifields. The 
generator of the BRST symmetry is a bosonic functional of ghost number zero 
(gh (S) — 0, e (S) = 0), which is solution to the classical master equation 
(S, S) = 0. In the case of the free theory under discussion, the solution to 
the master equation takes the form 

s = So + J d 4 x (a*^ v + 2H;d v c^ v - w; u d pV ^ p 

- sc;„d p c^ + 4 V ; up d xV ^ x + 4c; up d x c^ x ) . (43) 

The solution to the master equation encodes all the information on the gauge 
structure of a given theory. We remark that in our case the solution (1431) 
breaks into terms with antighost numbers ranging from zero to three. The 
piece with antighost number zero is nothing but the Lagrangian action (pQ), 
while the elements of antighost number one include the gauge generators 
(I14p — (I15p . If the gauge algebra were non-Abelian, then there would appear 
at least terms linear in the antighost number two antifields and quadratic in 
the pure ghost number one ghosts. The absence of such terms in our case 
reflects that the gauge transformations are Abelian. The terms from (j43l) 
of higher antighost number give us information on the reducibility functions 
ffTB"]) and (|17p . If the reducibility relations held on-shell, then the solution of 
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the master equation would contain components linear in the ghosts for ghosts 
(ghosts of pure ghost number strictly greater than one) and quadratic in the 
various antifields. Such pieces are not present in (jSP , since the reducibility 
relations hold off-shell. Other possible components in the solution to the 
master equation offer information on the higher-order structure functions 
related to the tensor gauge structure of the theory. There are no such terms 
in (T4"51) . as a consequence of the fact that all higher-order structure functions 
vanish for this (free) model. 



3 Deformation of the master equation — brief 
review 

We begin with a "free" gauge theory, described by a Lagrangian action 
5*o [$°°], invariant under some gauge transformations 

8&*=Z%f y , j§k Z X=U> ( 44 ) 

and consider the problem of constructing consistent interactions among the 
fields $ Q ° such that the couplings preserve the field spectrum and the orig- 
inal number of gauge symmetries. This matter is addressed by means of 
reformulating the problem of constructing consistent interactions as a de- 
formation problem of the solution to the master equation corresponding to 
the "free" theory [37], [U]. Such a reformulation is possible due to the fact 
that the solution to the master equation contains all the information on the 
gauge structure of the theory. If a consistent interacting gauge theory can 
be constructed, then the solution S to the master equation associated with 
the "free" theory, (S, S) = 0, can be deformed into a solution S, 

S -> S = S + XS X + X 2 S 2 + --- = S + X J d D xa + X 2 J d D xb + -- - , (45) 

of the master equation for the deformed theory 

(S,S) = 0, (46) 

such that both the ghost and antifield spectra of the initial theory are pre- 
served. The symbol (, ) denotes the antibracket. The equation (j4"6"l) splits, 
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according to the various orders in the coupling constant (or deformation pa- 
rameter) A, into 

(S,S) = 0, (47) 
2(S U S) = 0, (48) 
2(S 2 ,S) + (S 1 ,S 1 ) = 0, (49) 
(S 3 ,S) + (S 1 ,S 2 ) = 0, (50) 



Equation ( T4T|) is fulfilled by hypothesis. The next equation requires that 
the first-order deformation of the solution to the master equation, Si, is a 
co-cycle of the "free" BRST differential s- = However, only cohomo- 

logically nontrivial solutions to (j4"8|) should be taken into account, because 
the BRST-exact ones can be eliminated by a (possibly nonlinear) field redef- 
inition. This means that Si pertains to the ghost number zero cohomological 
space of s, H° (s), which is generically nonempty due to its isomorphism to 
the space of physical observables of the "free" theory. It has been shown in 
|37j . [41] (by means of the triviality of the antibracket map in the cohomology 
of the BRST differential) that there are no obstructions in finding solutions 
to the remaining equations ( fT49l) - fl5TIl) . etc.). However, the resulting inter- 
actions may be nonlocal, and there might even appear obstructions if one 
insists on their locality. As it will be seen below, this is not the case here 
since all the interactions in the case of the model under study turn out to be 
local. 



4 Consistent interactions between a massless 
Rarita-Schwinger field and a topological BF 
theory 

In this section we determine the consistent interactions that can be added 
to the free theory ([1]) that describes a massless Rarita-Schwinger field plus a 
topological BF model in four spacetime dimensions. This is done by solving 
the Lagrangian deformation equations ( (T4"gl) - fl5"U|) . etc.) via specific cohomo- 
logical BRST techniques. The interacting theory and its gauge structure are 
deduced from the analysis of the deformed solution to the master equation 
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that is consistent to all orders in the deformation parameter. For obvious 
reasons, we consider only smooth, local, Lorentz covariant, and Poincare in- 
variant deformations (i.e., we do not allow explicit dependence on the space- 
time coordinates). In the meantime we require that the maximum number of 
derivatives allowed to enter the interaction vertices is equal to one, i.e. the 
maximum number of derivatives from the free Lagrangian. The smoothness 
of deformations refers to the fact that the deformed solution to the mas- 
ter equation, (l4"5]) . is smooth in the coupling constant A and reduces to the 
original solution, (14*31) . in the free limit (A = 0). 

4.1 Standard material: basic cohomologies 

If we make the notation Si — J d 4 xa, with a a local function, then equation 
(T4""""|) . which we have seen that controls the first-order deformation, takes the 
local form 

sa = d^m^, gh (a) = 0, e (a) = 0, (51) 

for some local m M . It shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of s in ghost number 
zero, a e H° (s\d), where d denotes the exterior spacetime differential. The 
solution to (15"""]) is unique up to s-exact pieces plus divergences 

a^a + sb + d^n", gh(6) = -l, e(6) = l. (52) 

At the same time, if the general solution to (1511) is found to be completely 
trivial, a = sb + <9 M n M , then it can be made to vanish, a = 0. 

In order to analyze equation (jSTj) we develop a according to the antighost 
number 

i 

a = ^2ai, agh(ai)=i, gh(aj) = 0, e (aj) = 0, (53) 

i=0 

and assume, without loss of generality, that the above decomposition stops at 
some finite value of I. This can be shown, for instance, like in [43] (Section 3), 
under the sole assumption that the interacting Lagrangian at the first order 
in the coupling constant, do, has a finite, but otherwise arbitrary derivative 
order. Inserting decomposition (153]) into equation floTj) and projecting it on 
the various values of the antighost number, we obtain the tower of equations 

(if 

= d^m , (54) 
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(7-l) M 

5a r + 7ar_i = <9 M m , (55) 
5aj + 7aj_i = <9 M m , 1 < i < I — 1, (56) 

where I m J are some local currents with agh m J = i. Equation (I54|) 
can be replaced in strictly positive values of the antighost number by 

7a/ = 0, / > 0. (57) 

Due to the second-order nilpotency of 7 (7 2 = 0), the solution to (157]) is 
clearly unique up to 7-exact contributions 

a/^a/ + 7&/, agh(o/) = J, pgh(6/) = /-l, e(6j) = l. (58) 

Meanwhile, if it turns out that a/ exclusively reduces to 7-exact terms, aj = 
767, then it can be made to vanish, aj = 0. In other words, the nontriviality 
of the first-order deformation a is translated at its highest antighost number 
component into the requirement that aj G H 1 (7), where H 1 (7) denotes the 
cohomology of the exterior longitudinal derivative 7 in pure ghost number 
equal to /. So, in order to solve equation (15~T|) (equivalent with flBTl) and 
(!55|) - (l56|) ). we need to compute the cohomology of 7, H (7), and, as it will 
be made clear below, also the local homology of 5, H (5\d). 

On behalf of definitions (I38l) - (fl2l) it is simple to see that H (7) is spanned 

by 

F A = (<p, d^A^dPH^ d,B^, «V/7]) , (59) 

the antifields a U of their spacetime derivatives as well as by the undif- 
ferentiated ghosts 

V^ = (ri^ vp \C, vpX ) . (60) 

(The derivatives of the ghosts i] r are removed from H (7) since they are 7- 
exact, in agreement with the first relation from 039p . the last formula in f)40|) . 
the fourth equation in (141 p . and the first definition from (1421) .) If we denote 
by e M (f] T ) the elements with pure ghost number M of a basis in the space of 
the polynomials in the ghosts (j60|) . then it follows that the general solution 
to equation fl57|) takes the form 

a / = a,([^],[xl])e / (r/ T ), (61) 
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where agh (a/) = / and pgh (e 7 ) = /. The notation f([q\) means that / 
depends on q and its spacetime derivatives up to a finite order. The objects 
a j (obviously nontrivial in H° (7)) will be called "invariant polynomials". 
The result that we can replace equation fl54l) with the less obvious one (j57|) is 
a nice consequence of the fact that the cohomology of the exterior spacetime 
differential is trivial in the space of invariant polynomials in strictly positive 
antighost numbers. 

Inserting (I6TI) in (I55I) we obtain that a necessary (but not sufficient) 
condition for the existence of (nontrivial) solutions a/_i is that the invariant 
polynomials aj are (nontrivial) objects from the local cohomology of Koszul- 
Tate differential H (5\d) in antighost number / > and in pure ghost number 
zero, 

5aj = d„ 3 , agh ( j )=-*"-!, PS h ( 3 ) = 0. (62) 

We recall that the local cohomology H (8\d) is completely trivial in both 
strictly positive antighost and pure ghost numbers (for instance, see |42j, 
Theorem 5.4, and [43J ), so from now on it is understood that by H (S\d) 
we mean the local cohomology of 5 at pure ghost number zero. Using the 
fact that the free BF model under study is a linear gauge theory of Cauchy 
order equal to four and the general result from [4*21 03] , according to which 
the local cohomology of the Koszul-Tate differential is trivial in antighost 
numbers strictly greater than its Cauchy order, we can state that 

Hj(8\d)=0 for all J > 4, (63) 

where Hj (S\d) represents the local cohomology of the Koszul-Tate differen- 
tial in antighost number J. Moreover, if the invariant polynomial otj, with 
agh(aj) = J > 4, is trivial in Hj (S\d), then it can be taken to be trivial also 
in H™ (5\d): 

f aj = 5b J+1 + d^c , agh (aj) = J > 4 J => aj = 5(3 J+1 + <9 M 7 , (64) 
(J) M 

with both f3j + \ and 7 invariant polynomials. Here, H™ (S\d) denotes the 
invariant characteristic cohomology in antighost number J (the local coho- 
mology of the Koszul-Tate differential in the space of invariant polynomials). 
(An element of i/} nv (S\d) is defined via an equation like (|62|) . but with the 
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corresponding current an invariant polynomial.). This result together with 
(I63p ensures that the entire invariant characteristic cohomology in antighost 
numbers strictly greater than four is trivial 

Hf v (5\d) = for all J > 4. (65) 

The nontrivial representatives of Hj(S\d) and H l ]™(5\d) for J > 2 depend 
neither on (d^A^, d^H m d^B^", c^/vj) nor on the spacetime derivatives of 

defined in ( 1551) . but only on the undifferentiated scalar field ip. With the 
help of relations (1521) — (j57j) . it can be shown that H™ (5\d) is generated by 
the elements 

(P(W)Y UpX = C* pl/pX I - — (H*\MQ*vpX\ I Q*[nuQ*p\]\ 

dip dip 2 

d 3 W d A W 
+ _^_ H *l» H *v C * P x] + -^H*»H* v H* p H* x , (66) 
dip 6 dip^ 

where W = W (ip) is an arbitrary, smooth function depending only on the 
undifferentiated scalar field ip. Indeed, direct computation yields 

5 (P (W)) pvpX = [p (P (W)) upX] , agh ((P (W)) upX ^j = 3, (67) 

where we made the notation 

dW d 2 W r i d 3 W 

(P (W)) pvp = -^-C*^ p + ^ILh*^C* up] + -ll-H^H* u H* p . (68) 
dip dip 2 dip 6 

It is clear that (P (W)) pup is an invariant polynomial. By applying the op- 
erator 5 on it, we have that 

5{P(W)f vp = -d^(P{W)) vp \ agh((P(W)) up ) = 2, (69) 

where we employed the convention 

(P (W)Y V = —C* pu + ^Kh^H* u . (70) 

dip dip 2 

Since (P (W)) pi/ is also an invariant polynomial, from (169|) it follows that 
(P (W)) pup belongs to H™ (S\d). Moreover, further calculations produce 

5 (P (W)Y U = (P (W)) u] , agh ((P (HOD = 1, (71) 
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with 

{P{W)Y = ^-H*". (72) 
dip 

Due to the fact that (P (W)Y is an invariant polynomial, we deduce that 
(P (W)Y V pertains to (5\d). Using again the actions of 5 on the BRST 
generators, it can be proved that H™ {S\d) is spanned, beside the elements 
(P (W)) fiup given in (1681) . also by the undifferentiated antifields rj* ^ (ac- 
cording to the first definition from (137|) ). Putting together the above results 
we can state that H™ (S\d) is spanned by (P (W)Y U listed in (1701) and the 
undifferentiated antifields rj*, rj* , and £* (in agreement with the second def- 
inition in (135p . the first formula from (1361) . and the second relation in ( 1361) ). 
The above results are synthesized in the following array 



agh 



nontrivial representatives 
spanning Hj (5\d) and H' 1 ]" (5\d) 
J > 4 none 

J = 4 (p(w)Y vpx 
J = a vU pX ,(P(w)Y up 
J = 2 vU P ,(P(w)Y\v*,C 



(73) 



In contrast to the spaces (Hj(S\d)) J>2 and [H 1 f v (5\d)) J>2 , which are 
finite-dimensional, the cohomology Hi(S\d) (known to be related to global 
symmetries and ordinary conservation laws) is infinite-dimensional since the 
theory is free. Fortunately, it will not be needed in the sequel. 

The previous results on H(5\d) and H iny (S\d) in strictly positive antighost 
numbers are important because they control the obstructions to removing 
the antifields from the first-order deformation. More precisely, we can suc- 
cessively eliminate all the pieces of antighost number strictly greater that 
four from the nonintegrated density of the first-order deformation by adding 
solely trivial terms, so we can take, without loss of nontrivial objects, the 
condition I < 4 into fl53l) . In addition, the last representative is of the form 
( IdTT) . where the invariant polynomial necessarily is a nontrivial object from 

H'r(5\d). 

4.2 First-order deformation 

In the case 1 = 4 the nonintegrated density of the first-order deformation 
(see (153]) ) becomes 

a = a + a x + a 2 + a 3 + a 4 . (74) 
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We can further decompose a in a natural manner as a sum between two kinds 
of deformations 

a = a BF + a [n \ (75) 

where a BF contains only fields/ghosts/antifields from the BF sector and a int 
describes the cross-interactions between the two theories. Strictly speaking, 
we should have added to (1751) a component a that involves only the Rarita- 
Schwinger sector. As it will be seen in the end of this subsection, a will 
automatically be included into a int . The piece a BF is completely known and 
satisfies (separately) an equation of the type fl5TT) . It admits a decomposition 
similar to (17"4|) 

a BF = a BF + a BF + a BF + a BF + a BF , (76) 

where 

a BF = (P (W)r px V C pupX + \ e pvpX (P (M))"** r^rf^, (77) 



.BF 



+2 (6 (P {W)Y V B* px 



4 (P (W)f r]* upx + Wt]*^) C 



pupX 



-e, vpX (P(M)) Q/37 ^^ A , 



(78) 



a BF = (P(W)r(r)C tlv -3A»C tll/p )-2(3(P(W)yB*"» 

+e pupX (2 (P (M)) Q A- - 2Mr/* + (P (M)) Q/3 P^) ryf M , (79) 



a BF = (P(W)r(-^ + 2A^) + W(2P^ + ^) 

+2^ pctA ((P (M))^ P^ - MA W ) rT\ (80) 

a BF = -WO^P M + \e pvpX MB pv B pX . (81) 

In dZZD— dSOD the quantities denoted by (P (W))^ 1 "^ and (P (M)) W '" M * ! read 
as in (J66D, ([68]), ([70]), and ([72} for jfe = 4, fc = 3, jfe = 2, and jfe = 1 respectively, 
modulo the successive replacement of W (ip) with the real smooth functions 
W (if) and M (<p), respectively. 
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Due to the fact that a BF and a int involve different types of fields and 
because a BF satisfies individually an equation of the type (loTj) . it follows 
that a mt is subject to the equation 

sa int = d^mjf , (82) 

for some local current m 1 ^. In the sequel we determine the general solution 
to (|82p that complies with all the hypotheses mentioned in the beginning of 
the previous subsection. 

In agreement with f[T4"j) . the solution to the equation sa mt = d^m 1 ^ can 
be decomposed as 

a int = a int + a mt + Q int + fl int + (83) 

where the components on the right-hand side of (T53T) are subject to the equa- 
tions 



7< = 0, (84) 



int 

= u, 

(k-i) mt 

Saf + 7 <-i = d^m \ , k = 1,4. (85) 

int 



The piece a 4 as solution to equation (I84j) has the general form expressed by 
flBTj) for 1 = 4, with a 4 from H™(8\d) and e 4 spanned by 

{eYW, i A i B i C r], £ A £ V*, vC^px, r^V^ 5 } ■ (86) 

Taking into account the result that the general representative of H™(5\d) is 
given by ( l66l) and recalling that a 4 nt should mix the BF and the massless spin- 
3/2 sectors (in order to provide cross-couplings), it follows that the eligible 
representatives of e 4 from ( 1861) allowed to enter a 4 nt are those elements con- 
taining at least one ghost of the type £ A . Recalling the symmetry properties 
({TO]) and (TTTT) of the 7-matrices, we deduce the general solution of equation 
under the form 



„int _ 1 

a 4 - 4 _ 4 ,fc^ P A 



(p {u 1 )r» (e 7a e) ere + ^ ((^ (^r pA er^ 

+2(P(f/ 3 )r pA e7 a/3 7501 ) (87) 



where ?7i, C/2, and U3 are smooth functions depending only on the undif- 
ferentiated scalar field (p ((P (U i )) tlupX , with i = 1,2,3, read as in (16"6"|) . but 
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with the function W replaced by Uj). Introducing (1871) in equation (1811 for 
k = 4 and employing definitions (I32I) - (I42I) . we determine the component of 
antighost number three from (1831 as 



-int 



3! 



- /IV p\ 



(p ([/or* ^7> M - £7^ ( (^ 2 )r A 



+ (P (tf 8 ))"* ^75^ + (P (U 3 )r X (^) ^75^ + ajfeS) 



where the objects ((P (Ui))^ p ) i=1 2 3 are of the form (168|) . up to replacing the 
function with U{, and a™* is the general solution of the 'homogeneous' 
equation 7ag nt = d^u^, which, according to the discussion from the previous 
subsection, can be replaced with 



7«3 nt 



0. 



(89) 



This means that we can always take Qjq clS db nontrivial object of H(j). At 
this stage it is useful to decompose a™* into 



(90) 



The first piece, a™*, denotes the component of the solution to (1591 required 
by the consistency of a™* in antighost number two (ensures that (!85|) pos- 
sesses solutions for k = 3 with respect to the terms from a™* containing 
the functions Uj) and a 1 ^ signifies the part of the solution to (1591 that is 
independently consistent in antighost number two 



-7c 2 + dJh 



(91) 



By means of definitions (I32|) - (j42|) and recalling the decomposition (1901 
one infers (by direct computation) that 



5a™ 



Saf t + 1 c 2 + d^ + X 2, 



(92) 



where we made the notations 



'■2 = -C2 + -e^ P x{{P{U l )Y x 



1 ^ 



(haV) h a r + o (^) ^YV 



+(m)) 



pA 



1 /T 
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1 

2 

-4 (ijapV) Zl aP l^ u ] } , (93) 



# = ^ - ^ pA { ^ M), p £7>a + (i 3 w)„ p (Sy«*d ir^x 



+ 



(tfs))„„ [(^^a) ^7 Q/3 7 5 e + (fro/*) ^VSVa] } , (94) 



X2 = ie^{(p(tfi))^(&^ 

+ (^ W)^ [(e7 Q/3 7 5 e) e^^A] + e7 Q/3 7 5 5 [P ^A]] } . (95) 

Comparing (|92|) with (!85|) for = 3, it follows that the existence of a 2 nt is 
ensured if and only if \2 satisfies the equation 

X 2 = -6tif + jc 2 + d^, (96) 

where 

c 2 = -(4 nt + C2 ), % = \A -f 2 . (97) 

We will show that ( 1961) cannot hold unless \2 = 0. In view of this, we assume 
equation (1961) is valid. By taking its Euler-Lagrange (EL) derivatives with 
respect to C* u we infer 

to _ '(«**) +7 (%y (98) 



•5C;„ 5C;„ V«>. 



Direct computation based on (|95|) leads to 



+^ [(er^e) fra/ja^A] + (fy^e) £7^75^] } . (99) 

It is easy to see that the right-hand side of (|99~I) is a nontrivial object from 
if (7), so relation ( 1981) implies 

^ 2 - ^ 7^=0. (100) 



*c*, 8C; V \5C; U 
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Due to (19~9"1) . the former formula in (11001) cannot take place. This is because 
<5a 3 nt comprises two spacetime derivatives, while -Mr- has only one. Indeed, 

a 3 nt is expressed by ( 16TT) for / = 3 and is also simultaneously linear in C* and 
d\p,i^v\ (the linearity in c^t/vj is imposed by the linearity of the right-hand side 
of (1991) ). Taking into account these observations, we get that <5a 3 nt is linear in 
both 9[ M C* p , and c^^V] > so it displays precisely two spacetime derivatives. As 
a consequence, the former equality from ( 11001) does not hold, so neither do 
formulas fl98|) or (1961) . In conclusion, \i must vanish, which further implies 
that {Ui (<f)) i=1 23 must be constant, and thus a™* itself vanishes. 

Since the decomposition fl83|) cannot stop at antighost number four, we 
pass to the next possibility, namely that a mt ends at antighost number three: 

a int = 4 nt + af + af + a 3 nt , (101) 

where the components on the right-hand side of fllOip are subject to the 
equations 



iaf = 0, (102) 
<K nt + 7<! = drm\ , fc = l,3. (103) 



The piece a 3 nt as solution to equation (11021) has the general form expressed 
by flBTj) for 1 = 3, with a 3 from if 3 nv (<5|cf) and e 3 spanned by 

{£ A £ B <£ C , £ A £ S ?7, £V^\ W" pA } . (104) 

Given the spinor-like behavior of some of the elements fjl04j) and also the 
general expressions of the generators of H™(5\d) (see (1751) for J = 3), the 
general, real solution to equation (I102p reads as 

4 nt = ~^ upx ( p W W ( 105 ) 

where U4 = C/4 (<£>) is a smooth function on the (undifferentiated) scalar field 
ip and (P (U4)) follows from (1551) with replaced by ^4. Making use of 
the latter set of duality relations from (jSJ), ( 11051) can be written as 

4 nt = ^(^(^)U^ P 75^. (106) 
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Substituting (jlUfip into f)103|) for k = 3 and recalling definitions 
we identify the component of antighost number two from the first-order de- 
formation as 



4 nt = -AP (u,))^ (frT'TtfA. - Wi#l>pn) + <\ (107) 



where the quantity (P (U4)) is of the type flTOj) and a!> nt is, like in the 
above, the general solution to the 'homogeneous' equation 70™* = d^u^, 
which, according to our discussion from the previous subsection, can be safely 
replaced with 

74 nt = 0. (108) 
Just like before (see (l90l)). we decompose af l into 

= 4 nt + 4 nt , (109) 

where aJf* is the solution to H 1 8 [) necessary for the consistency of ajf* in 
antighost number one (for the existence of solutions a 1 "* to f)103p for k = 2 
with respect to the terms from aif* containing the function U4) and a™* is the 
solution to (11081) that is independently consistent in antighost number one 

daf* = - 7 ci + d^rhl. (110) 

With the help of definitions (|52]) - (pL we get 



5af = S 



+7C 1 + ^jf, (111) 
where we made the notations 

Cl = -c 1 + iU i (r^B^V-^s^-^''^Bt p ) 

+\ (P (Ui)), {2^ p ^ u A p + ^Y up ^ P v) , (112) 
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+-U 4 (h^l^ + 2^75^) , (H3) 

and (P (U4)) reads as in (1721) modulo the replacement W — > {7 4 . Comparing 
(HTTP with (proSJ for k = 2, we infer that 

+i (P (C/ 4 )) M V* M 75^ - 1^4^75^, (H4) 



= 6l -i^4(^75^-^75e^-ie7^75^y 

-i (P (C/ 4 )) M (2£ 7 ^75<Mp + iivl^l^pV) + <\ (H5) 

where a™* is the general solution to the 'homogeneous' equation 70™* = d^Ui, 
which can again be replaced with 

7af = 0. (116) 

Regarding the component a™* of the equation fllUSp , it can be represented 
like in floTl) for / = 2, with ct2 from H™(5\d) and e 2 spanned by 

The most general representatives of H™(5\d) are listed in (!73j) for J = 2, so 
a 2 nt is generally expressed by 

«2 nt = \ {P{U,)),M V 1^ ~ \ (P(Ue)),Jl^ (H7) 

where U5 (</?) and C/g (v 5 ) are some real, smooth (but otherwise arbitrary) 
functions depending only on if. Inserting (11141) and 1 1 11 7ft in f l 1 07j) . we arrive 
at 

+\ (p (u 5 ))„ i-r-ysz -\{p {u,)),u irt (us) 
21 



Applying 5 on a™* given in (I117p and using definitions (I32l) - (|4"2"1) . we obtain 
the concrete expression of the object C\ involved in (IllOp of the form 



c, = -i(P(U 5 )) J^ 5 ^ + (P(U 6 ))JY V ^, 



(119) 



which further inserted in (I115p allows us to write the component of antighost 
number one from the first-order deformation as 



,int 



-iu 4 (r^^v - r p i^ - i^ yp i^B: P ) 
-i (p (u 5 )) u h^i^u + (p (u 6 )) u i<r$ v + < 1 



(120) 



-int 



of + 



121^ 



We split again a 1 ^ into 

with d 1 ^ the solution to (11161) ensuring the consistency of a™* in antighost 
number zero (i.e., the existence of solutions a nt to equation (I103j) for k = 1 
for the pieces from a 1 ^ containing the functions U m , with m = 4, 5, 6) and a 1 "* 
the solution to (11161) that is independently consistent at antighost number 
zero 

<fgf = -70) + dyfift. (122) 
By means of definitions (!32l) - (|42l) . straightforward computation produces 



int 



+ icq + 



(123) 



where 



co = -c + lu^^ l5 ^ u A p + I (iU^l^l^u - U^^u) , (124) 



Jo 



Comparing (11231) with fllQ3f) for k — 1, we deduce 



(125) 



(126) 
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«o nt = co - ~ {U^^ vp ^ v A p + iU 5 ^Y u l^» ~ U^,Y U ^) + of*, (127) 

where a nt is the general solution to the 'homogeneous' equation 7<2 nt — 
(it cannot be replaced any longer with the simpler equation, corresponding 
to Uq = 0). The component a™*, which is a solution to (I116p that is inde- 
pendently consistent at antighost number zero, i.e. satisfies equation (I122p . 
can be taken to vanish 

= 0, (128) 
since it produces only trivial deformations, as it will be shown in Appendix 

Injecting (I126p and (I128p in (I12ip . and the resulting expression in (Tj2 



we complete the component of antighost number one from the first-order 
deformation as 

af = -iU 4 (V*"75^M - r^A, - ih» up l^»Bl p ) 

-i (p (u 5 ))^r u ^u + (p (u 6 ))jr u ^ 

We mention that (11281) also implies 

c = (130) 

in (11241) and (11271) . such that the element of antighost number zero of the first- 
order deformation (the interacting Lagrangian at order one in the coupling 
constant) is 

= ~\ {U^^ up l^A p + iC/ 5 Vv7^75Vv - U 6 ^ u ^u) + af, (131) 
where the piece a nt is subject to the homogenous equation 

7 a nt = 0„< (I 32 ) 
The general solution to (1 132[) can be written as 

4 nt = «o int + «o int , (133) 
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with a' mt and aQ /mt solutions to 

7< int = 0, (134) 
74 ,int = d^o, (135) 

and Uq a nonvanishing current. We recall the main properties of aJJ 1 *: it 
should mix the Rarita-Schwinger spinors with the BF fields (in order to 
provide cross-couplings) and contain at most one spacetime derivative (like 
the original Lagrangian). In agreement with our result (IBTj) for 1 = 0, the 
component a' mt is of the type 

«o int = «o int ([^]), (136) 

where are given in (1591) . Due to the above mentioned main properties, it is 
easy to see that (11361) contains at least two derivatives. Indeed, it is forced to 
contain gauge-invariant objects depending on the Rarita-Schwinger spinors, 
so it should be quadratic in d^if)^ (in order to render a bosonic quantity), 
which contradicts the derivative-order assumption, such that we must set 

a' int = 0. (137) 

In the meanwhile, as it will be shown in Appendix [Bj the solution to equation 
(11351) can be taken as trivial 

a' ' int = 0, (138) 

which, together with (11371) . leads to the conclusion that the general solution 
to the homogeneous equation in antighost number zero, (I132p . that complies 
with all the working hypotheses is also trivial 

4 nt = 0. (139) 

In this manner we also completed the component of antighost number zero 
from the first-order deformation, which follows from fl 1 3 1 [) with a™ 1 as in 
(HMD: 

«o nt = ~\ {Ua4>^ up 1^uA p + iU^^I^v - US^rT^u) • (140) 

Putting together the BF piece (1761) (whose various terms are listed in (j77p - 
flHTj) ) with the interacting one (110 II) (having the components (11051) . f 1 1 1 8 [) . 
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(11291) . and f)140p ) via relation (1751) and renaming the functions (U m (f)) m=4 5 6 

by 

Z7 4 = Z7i , U 5 (ip) = U 2 (ip), C/ 6 (^ = ^ 3 (^), (141) 

we can state that the general expression of the first-order deformation of 
the solution to the master equation for a four-dimensional BF model and a 
massless Rarita-Schwinger field is given by: 



Si 



d x 



A p (-W {<f) H») + l -M (<f) e^B^W 6 



dW 

dip 

~\~2s up( j X 



H*» + 2A V C^) + W (2B; U C^ U + ip* V ) 

dM 



dip 



ldU x 



.dU 2 



dm 



~ i ~d^ H ^ l5lpv + d^^ 7 ^ ~ 2 ^"V^ 
+iU 3 r^O + (P (W)r (vC^ - 3A?C pup ) - 2 (3 (P {W)f B* v *> 
+WtT*) C pvp + \er» (P (M))^ Vpa/3 rj x aP 

+e pupX (2 (P (M)) a A* a - 2M V * + (P (M))^ P Q/3 ) itf 1 ** 



4 v v 



^ ( ^7^ P 75^* + i^75^ ) + 7^1^75^, 



6 



-iu^-r^v + \(p (u 2 ))^ v t-r-fd- -\{p (u 3 ))^ 



+ (P (H0r p (-i^C^p + 4A A ^, pA ) - e pupX (P (M)) Q/37 
+2 (6 (P (WOf" P* pA + 4 (P {W)Y r]* upX + Wr]*^ px ) C pvpX 



+ 7^ ( P (^i))^^ p 75^ + (P (W)r pX V C pupX 



12 



+ fW (P(M))^ A ^^ 



(142) 
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It is important to notice that it complies with all the working hypothe- 
ses, including the derivative order assumption, and is parameterized by five 
smooth, real functions of the undifferentiated scalar field, namely W, M, and 
(Ui) i=123 , which are otherwise arbitrary. The functional S± is by construc- 
tion a s-cocycle of ghost number zero, such that S + XSi is solution to the 
master equation fj46l) to order one in A. We will see in the next section that 
the consistency of S\ at order two in the coupling constant will restrict these 
five functions of <p to satisfy several equations. 



4.3 Higher-order deformations 

Next, we investigate the equations that control the higher-order deforma- 
tions. The second-order deformation is governed by equation (1491) . Making 
use of fll42p . the second term in the left hand-side of fj4"9~j) takes the concrete 
form 



1 



(S 1 ,S 1 )= / d 4 x 



a=0 
3 



a=0 

d a Z 2 
dip a 



a=0 



(3) 



d a Z 3 
dip a 



(4) 



a=0 



d a Z 4 
dp a 



where we used the notations 

rppvpX _ ^j^p^vpX _j_ gpvQpX _j_ HV-^vpX _ 2 r j*(JLU'P>> _ ^*^Up\ 



(143) 



(144) 



rppupX / tt* Tree I s~i* /~ia0 , s~i* , r~i* /^at8j8\ _ 

J l — \ n a U + U a/3 L/ T^a^ + «/) 7 j ) V 

+ (2H* a A* a + C* af3 B af3 - C*^ V a ^) C» vpx 
+ (3C* ap C af3p - 2H* a C a ^) rf px + 3H* a C apu B pX , 



pupX 



(145) 



T pupX = H * ^ H * B a/3 _ K» r r} afh ') C pVpX + 3H* p C a ^T] UpX ) 

+ ((4H* a c; jS + 3c* aP c; s ) c a ^ s 

+H* a (3C*^C a ^ + H;C a(3 )) V > MUpx , (146) 
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T ^ P x = H * H * (( H * c *Pi + sc; 5 C a ^ s ) ^ vpx - E*Tf^C^ pX ) , (147) 
T „v P x = H * H * H * H * s c a ^ 5 r]^ px , (148) 

= Q^ 7 ^ + ril^ + B^B* - QA* a A a ^j V ^ px 
+ [a^t] + ^B*^" - A a B a ^ rf px + ^B pu B px r], (149) 

+ (Qcv? + \ c u A -< - w ^ h ;) ^ + (\c:,b^ + A* a H^j r, 

+KAftB?#) ^ pX + Q Qc> + ^ - tf^^) 1^150) 

jjpvpX = H * Q + ^ + jj*^^ ^upX 

+^H* a H*r]r] af3p r] uXp + (if*" [C* vpx r] + 3H* u B* px ) 

+3 Qc*^ + ii*M^ C*^ Va^sV^ 5 , (151) 



i 

2 



+-H*H* H;rir ] a ^r ] ^ pX , (152) 



= \u* p H* v H* p H* x i] a(il& rr^\ (153) 
= -i (V>*%7 5 £ + i^7^75^) V + ^"7^75 (2^ + ^) , (154) 

qS x) = ^e-r-yfe (ca, - 2^) + ic^e-TTfe^, (155) 

i 
4 



Q?> = -MlHl^^ (156) 
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q ( o ] = ~ (r^ + $sri>v) v - (2^ + cb; u ) , 



1 r 



Qi 2) = 



(4) 



g< 2) = -z h * h: ^^ 



Qi 3) = - jfl^ye, 

2i (fTsC + V^TsVv) e^ ^ + 2L4^ 
- (2i^ 75 £ + ^-r p l^ v ) e P ^ lS 



3i 



(157) 
(158) 
(159) 
(160) 
(161) 



(162) 



q! 4) = 



(163) 



together with 



H;h; l^^e^sv ^ - ^'l&pfhflf* 



a/375 



W(<p)M(<p), Y(<p) = W(<p) 
W M d ^0^ - 2U, M U 2 (<p) , 



dM((p) 
dip 



(164) 
(165) 

(166) 
(167) 
(168) 
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Z 3 {ip) = (U 2 ^)f + (U,( V )f, Z A {<p) = U 1 {<p)M{<p). (169) 



It is clear that none of the terms involving any of the functions X, Y, Z\, 
Z2, Z 3 , Z4 or their derivatives with respect to the scalar field can be written 
as it is required by equation (l4~9]) . namely, like the s- variation of some local 
functional, and therefore they must vanish. In other words, the consistency 
of the first-order deformation at order two in the coupling constant, namely 
the existence of a local 5*2 as solution to equation (jUJ), restricts the five 
functions of the undifferentiated scalar field that parameterize S% to satisfy 
the equations 

X(<p) = 0, Y(<p) = 0, Zi(<p) = 0, i = TJ. (170) 

Due to (I170p . from f!143j) it is obvious that (Si, Si) = 0, and thus we can take 

S 2 = (171) 

as solution to (j4"9l . By relying on (I17ip , it is easy to show that one can safely 
put 

S k = 0, k > 2. (172) 

Collecting formulas (11711) and (11721) . we can state that the complete deformed 
solution to the master equation for the model under study, which complies 
with all the working hypotheses and is consistent to all orders in the coupling 
constant, stops at order one in the coupling constant and reads as 

S = S + gSi, (173) 

where S is given in fH31 and Si is expressed by (I142p . The fully deformed 
solution to the master equations comprises five types of smooth functions 
that depend only on the undifferentiated scalar field: W, M, and (Ui) i=1 23 . 
They are no longer arbitrary, but satisfy equations f)170p . imposed by the 
consistency conditions. 

There appear two complementary solutions to the above equations, 

U 2 (v) = U 3 ( V )=M( V ) = 0, (174) 
Ui(<p) = U 2 (<p) = U 3 (<p)=W(<p) = Q, (175) 

which will be analyzed separately below. They yield two types of deformed 
models, whose Lagrangian formulation will be discussed in the following. 
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5 Lagrangian formulation of the coupled model 

The first case corresponds to solution (j!74p of equations (11701) . such that the 
deformed solution to the master equation is parameterized by the smooth, 
but otherwise arbitrary, functions W (<p) and U\ ((f). It is given by (1 1 T3I) . 
with Si from (11421) particularized to U2 = U3 = M = 0, and reads as 



S® = fd*xl H» {dtf - XWA,) - i (^7^ [d v + i 75 ^£/i) *I> P ) 



dW 

A— (-77^ + 2A V C IW ) 



+b; u (-3d p rr p + 2\wc" + xuizr^p) + r* 1 m 



-iXUi ( 75 ^ - 7s£AJ] + XH*»H* 1 



ld 2 Ui 



hw-n (e^ p - 2Vv) 



d 2 W 



dip 2 



V C 



2 I ^ v 



dUi 



dip 



-3C*^ (V^ p + A^A'C^) + 77^ (4«9 A ?T pA - 2AWC^) 



+AC*^ 



At/i (if 75^ 



+4A 



3 ^ — }J*^(J* v pj^ _|_ (3B* IU 'C* P * + 2H* fl 7]* upX ) 
dip 2 dip 



a 



fiupX 



d 2 W d 3 W 



-a# 



*/' 



3C* 



;//) 



d 2 W 
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+H*"H 
~dW 



*p I 



d 3 W 



a 



+A 



V dp 3 pup 12 dip 
d 2 W 



^j*pup\ _|_ / jj*[p^j*upX] _|_ ^~Y*[/if£f*pA]\ 

<i<£> dp 2 



d 3 W d 4 W 

I u yv j_^*\p, j_^*v ^-j* pX\ | jj*p, jj*u jj*p jj*X 



dp 3 



dp 4 



vC^px } ■ 



(176) 



By virtue of the discussion from the end of Section [2] on the significance of 
terms with various antighost numbers from the solution to the master equa- 
tion, at this stage we can extract all the information on the gauge structure 
of the coupled model. From the antifield-independent piece in fl 1 76 [) we read 
that the overall Lagrangian action of the interacting gauge theory has the 
expression 



S® [A**, H», cp, B^, = j d A x [H, (d»p - XW (p) A») 
+ l -B^d [fl A v] - l - (V^"" (d u + \h 5 A u Ui) ip P ) 



;i77) 



while from the components linear in the antighost number one antifields we 
conclude that it is invariant under the gauge transformations 



8f)p = \W (<p) e, 



(178) 



^l pvp l^ P - 



dW 



dU x 
dp 



2 dp dp 

E m B pu = _ 39p€ ^ P + 2\w (p) <r - xu x (p) ^ pl ^ x 

&?tI>h = dpX - iAC/i (<p) - 7sxAJ > 

where we employed the notation 

D u = d u + X——A v . 

dp 



A p ^ v r vp i,x 



(179) 
(180) 

(181) 

(182) 



(183) 



We observe that (11761) contains two kinds of pieces quadratic in the ghosts 
of pure ghost number one: ones are linear in their antifields, and the others 
are quadratic in the antifields of the original fields, which indicates the open 
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behavior of the deformed gauge algebra. This is translated into the fact that 
the commutators among the deformed gauge generators only close on-shell, 
where on-shell means on the stationary surface of field equations for action 
(11771) . Also, we notice the presence of terms linear in the ghosts with pure 
ghost number two and three in (11761) . which shows that the gauge genera- 
tors of the coupled model are also second-order reducible, but some of the 
reducibility functions are modified and, moreover, some of the reducibility 
relations only hold on-shell. The remaining elements in fl 1 76 j) give us infor- 
mation on the higher-order gauge structure of the interacting model. All 
these ingredients of the Lagrangian gauge structure of the deformed theory 
are listed in Appendix O 

It is interesting to mention certain similarities between the model under 
study and N — 1, D — 4 conformal SUGRA [44J. First, there are common 
fields in both theories, namely a gravitino ip^ with undeformed gauge sym- 
metries described by ordinary local Q-supersymmetry transformation x (see 
the latter formula from ffl3|) ) and a vector field A^ 1 with initial U (1) gauge 
transformation e (see the first relation in f[T2l ). It is suggestive to make the 
notations 

X = e Q , e = eu, D„ = d„ + iXUt (tp) j 5 A„, (184) 

in terms of which the deformed gauge transformations of the Rarita-Schwinger 
spinors, (I182p . become 

Second, if we make the choices 

Ui(v>) = ~, A = l, (186) 
then the deformed gauge transformations of gravitini, (I185p . take the form 

5«W = D,e Q + ^i l5 eu%, (187) 
in terms of the covariant derivative 

D„ = <9 M - hi^. (188) 

We observe that d 1 8 T[) are nothing but the standard N — 1, D — 4 con- 
formal SUGRA gauge transformations of the spin-3/2 field in the absence 
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of local dilatational .D-transformation, special conformal S-supersymmetry, 
local spacetime translations and local Lorentz rotations, i.e. solely in the 
presence of local Q-supersymmetry and U (l)-symmetry. Indeed, it coincides 
with formula (2.24) for ip^ given in [H] if one sets eo = £s = e p = 4 = 0- 
By contrast to conformal SUGRA, where the gauge transformation of the 
vector field gains Q-supersymmetric contributions, here it remains U (1) 
also for the coupled model (see formula (I180p ). This is mainly because the 
BF model under discussion does not include a Maxwell Lagrangian with re- 
spect to Ap, but the term (1/2) B^d^A^ (see (I177P ). For this topological 
model it is precisely the two-form B^ v whose gauge transformations (11811) 
gain Q-supersymmetric contributions 

IfB^ = something + ^pT^Vq (189) 

that compensate the gauge variation of the last term from the right-hand side 
of (11771) . namely, (i/2) '4> l tj ia ' p D v ij)p. In conclusion, we can state that (11821) 
describes a certain generalization of gravitino gauge transformations from 
conformal SUGRA in the sense that puts the standard Q-supersymmetry 
and U (l)-symmetry parts in a 'background' potential U\ (<p). 

5.1 Case II. No couplings to the Rarita-Schwinger fields 



The second solution to equations (I170p is (11751) . so the deformed solution 
of the master equation is uniquely parameterized in this situation by the 
arbitrary function M (ip) (of the undifferentiated scalar field). This case is 
less interesting from the point of view of interactions as the Rarita-Schwinger 
spinors are no longer coupled to the BF fields. From (I143j) and the higher- 
order deformation equations, fl50|) . etc., it follows that we can safely take all 
the deformations (of order two or higher) to vanish 

S k = 0, k > 1. (190) 

Therefore, the overall deformed solution to the master equation that is con- 
sistent to all orders in the coupling constant is equal to the sum between 
the free solution, ([4*311 . and the first-order deformation, (11421) . where we set 
(11751) . = S + A Si, being expressed by 



= / d 4 x 
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~^r vp d^ p + A* p {d p r, - 2XMe fiaM a ^) 



+X 



dM 



d 2 M 



dip 



9 (dM 
~4 A 



dip 
d 2 M 



2 P 



C* x + -^H*^ ) B px + 2 ( —if* A 1 * - Mr) 



dM 



dip 



£ a/3-y5V 



dip~P X ^^^ Ux > £a ^ 5r] V 



c*, + —mm ) e a8 ^ V pa(3 V XjS + AC; up d x C^ x 



dM 



X (dM 
2 V ~dy 



d 2 M 
d 2 M 



d 3 M 



d 2 M 



d 3 M d 4 M 



(191) 



Its antighost number zero part emphasizes the Lagrangian action of the 
deformed theory 



SW[A' i ,Hi l ,(p,B' u ',y i ] = / d 4 x 



+ -B pv (d [p A u] + Xe pupX MB pX ) 



(192) 



while the antighost number one components provide the gauge transforma- 
tions of action (I192[) 

5^A P = d p e - 2AM (<p) ee (Z^)e + {zf^U^\ (193) 

6™H» = 2 {d^ - X^B^s^e^ = (Z™")^ + {zfS) U^\ 

(194) 

S^ip = 0, p5"" = -3d p e^ p = (Z^ u ) aPl e a ^ : (195) 

= d p X A = (Z{^) BX B . (196) 

We observe that in this case the Rarita-Schwinger fields remain uncoupled 
to the BF field sector. From f ll93p -( |T96j) . we notice that the nonvanishing 
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gauge generators are 

(Z^l)(x,x') = (Z {A) ,)(x,x>) = d*5\x - x>), (197) 

(Z^l) a ^{x, x') = -2AM (<p (x)) e^5\x - x'), (198) 
(Z^U(x,x f ) = (Z{ H) U(x,x>) = -dfj^6\x-x'), (199) 

(Z { ^U,(x, x') = -2\^- (x) (x) e uaPl 5\x - x'), (200) 

(zf^U^x') = (Z^U,(x,x') = -\dfj^5\x - x'), (201) 

(Z§) A ")b = {Z$) B = 6$%6*{z - x>). (202) 

The deformed gauge algebra (corresponding to the generating set (j!93p ~ 
( 11961) ) is open, as can be seen from the elements of antighost number two 
in f)19ip that are quadratic in the ghosts of pure ghost number one. The 
only non-Abelian commutators among the new gauge transformations are 
expressed by 

Looking at the remaining terms of antighost number two from (I19ip . we can 
state that, besides the original first-order reducibility relations ({TBI , there 
appear some new ones 

(204) 
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which only close on-shell (i.e. on the stationary surface of field equations 
resulting from action (11911) ). where the accompanying first-order reducibility 
functions are of the form 



The second-order reducibility is not modified (it continues to be expressed 
by (|T9l) ). The presence (in (11911) ) of elements with antighost number strictly 
greater than two that are proportional with the coupling constant A signifies 
a higher-order gauge tensor structure of the deformed model, due to the 
open character of the gauge algebra, as well as to the field dependence of 
the deformed reducibility functions. The case (II) appears thus to be less 
important from the perspective of constructing effective couplings among 
the BF fields and the spin-vector, since no nontrivial interactions among 
them are allowed. 

6 Conclusion 

To conclude with, in this paper we have investigated the consistent interac- 
tions that can be introduced between a topological BF theory and a mass- 
less Rarita-Schwinger field. Starting with the BRST differential for the free 
theory, we give the consistent first-order deformation of the solution to the 
master equation, and obtain that it is parameterized by five kinds of func- 
tions depending only on the undifferentiated scalar fields. Next, we analyze 
the consistency of the first-order deformation, which imposes certain restric- 
tions on these functions. Based on these restrictions, we show that we can 
take all the remaining deformations, of order two or higher, to vanish. As 
a consequence of our procedure, we are led to two classes of interacting 
gauge theories. Only one is interesting, being endowed with deformed gauge 
transformations, a non-Abelian gauge algebra that only closes on-shell, and 
on-shell, second-order reducibility relations. This coupled model emphasizes 
some contributions to the gauge transformations of the spin-3/2 field that 
generalize the local Q-supersymmetry and U (1) gauge symmetry contribu- 
tions from N — 1, D — 4 conformal SUGRA in the sense of multiplying them 
with an arbitrary function that depends only on the scalar field from the BF 
spectrum. 
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A Proof of formula (11281) 



The proof of formula (1 1 2 8 [) requires the derivative order assumption. We 
start from the general solution to (11161) . which is of the form (ISTI) for 1=1, 
being thus written as 

af = H*N^ + (p*N£ + + B^N^t + c^'M^ + M^rj, (208) 

where N^, N, N^, N^ v , and M M are some fermionic, gauge-invariant, spinor- 
like functions and is a matrix 4x4 with spinor indices and bosonic, gauge- 
invariant elements. In addition, N^ u is antisymmetric in its Lorentz indices. 
Because c produced by (I208j) via (1 122[) must contain at most one spacetime 
derivative, the objects N^, N, N^, N^, M^, and M M are also constrained to 
include at most one derivative. Given their properties, exposed above, the 
objects N^, N, N^, N^ u , and M M can be represented like 

N» = c^AH^, N = d [a ^ } N a ^ N^d^N^ ,(209) 
N" v = d [a ^j p] N^ af3 , M M = 9| a ^]M*^ (210) 

in terms of some 4x4 matrices N^ af3 , N a/S , N^ af3 , jVH a/3 , and M^ a/3 
with spinor-like indices, whose elements are smooth functions depending at 
most on the undifferentiated scalar field. Since M M is 4 x 4, bosonic matrix 
with, whose elements are gauge-invariant spinor functions with at most one 
derivative, it can be represented like 

M, = + M«dV + Mf d a H a + Mfilpd^A® + M$ a d p B<#, (211) 
where M$\ M^?, M^)^ and Mjj9 are 4x4 spinor matrices, whose el- 

(3) 

ements may depend at most on the undifferentiated scalar field ip, with MV^ 
also antisymmetric in a and f3. Let us show initially that (I21ip can always be 
reduced to its first term via some trivial redefinitions (of the matrices from 
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PSHZED])) performed in a?. In view of this, we introduce (TO]) - (ETTD in 
and deduce 

-2B* a ^^M ( ^ ap i - A* a ip*^M^l^j . (212) 
Formula f 1 2 1 2 j) allows us to take the solution to f II 1 6 j) under the form 

+5^^^^ + 1^< >£ + d^flM^fyT,, (213) 

where jV^, iV a/3 , iV^ a/3 , jVH a/3 , and il4 0) are 4 x 4 matrices with spinor 
indices, whose elements are smooth functions depending at most on ip 
is imposed to effectively depend on the scalar field since otherwise the cor- 
responding term from a? cannot describe cross-interactions, i.e. mix the 
BF sector with the Rarita-Schwinger one). We ask that f 1 2 1 3 j) satisfies (I122p . 
With the help of definitions (1521) - (1551) . by direct computation we infer 

+d [oi ^ ] N^£d tl A v - xd^^MfH 

-'-d^M^^id^V- (214) 

It is simpler to analyze 5a 1 ? via decomposing it along the number of deriva- 
tives into 

5a? = Wl + U2i (215) 
38 



where 



(216) 



uJ 2 



+d [a 4> f3] N^ al3 ^A u - ^^M^Vp (d^r ] ) V- (217) 



Using decomposition (|215j) . it follows that equation (11221) becomes equivalent 
to two independent equations, one for each component: 



UJ 2 



-fd + d^vg, 



(218) 
(219) 



where 



co = -(do + di), mft=<+< (220) 

The objects denoted by d or Vq are derivative- free, while d\ and v % comprise 
a single spacetime derivative. We will approach equations (12 18[) and (12191) 
separately. 

Related to (12I5jl . from (12161) we find that 



(0) 

p] 



and hence equation 



is fulfilled if and only if 

7° ( 7 » 7 «M<°)) T -rM; o » 

7° ( 7 V^Mf) T + 7^M(°) 



0. 

A, 



(221) 



(222) 
(223) 



where A is a constant 4x4 matrix with spinor-like indices. Relations (12221) 
and (12231) are equivalent with 

^PMjo) = 7 o ( 7 0y^P M W) T = l Af 

2 
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i.e. the matrix is purely constant, such that the corresponding term 
from a™* cannot produce cross-couplings, as required. As a consequence, we 
can safely work with 

Mf ] = (224) 

in 5™*, which further leads to 

Ul = d = vg = 0. (225) 
we observe that u 2 is written as a sum of four different 

(226) 



Regarding 
types of terms 



^2 



where 



U 2 
L0 2 



(227) 
(228) 
(229) 



to. 



(i) 



d { J p] N^ a ^d„A„ - l -d [a i, p] M^ lllvp (d^r ] ) V, (230) 



so each type mixes the Rarita-Schwinger spinor with various fields/ghosts 
from the BF complex. Recalling decomposition (I226p . it is easy to see that 
uj 2 is 7-exact modulo d if and only if each of its components, u 2 \ j = 1,4, 
is so: 



u 2 



where 



7<T + <Vi 



J 



1,4, 



(231) 
(232) 



3=1 3=1 

We will analyze equations (123 ip separately as well. Firstly, we consider (12311) 
for j = 1 and denote by N^ a/3 some 4x4 matrices with spinor-like indices, 
whose elements are nothing but some indefinite integrals of the corresponding 
elements of N^ a/3 . In terms of this new matrices, (122 7ft becomes 



(i) 



+ 7 



(233) 
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such that uj^ is solution to (123 ip for j — 1 if and only if 



(234) 



or, in other words, matrices N^ al3 are completely antisymmetric in their 
Lorentz indices. Since we work in D = 4, the general solution to (12341) reads 
as 

= (iC>7 + f>87s) , (235) 



where Uj and U% are some real, smooth functions of (p. Replacing (I235P into 
(12551) . we get 



(d [a ^]) (iU 7 + ^875 ) t 



+7 

which enables us to make the identifications 

4° = -(^])7 MQ/3 (if>7 + f>87 5 )^ 

Due to the relationship between N^ alS and N^ al3 , we can write 

N ?\aP = | ^ + ^8 

d<£> dip 



(236) 

(237) 
(238) 



(239) 



Next, we approach equation (12311) for j = 2. By integrating by parts, we 
arrive at 

uf ] = d»(-H»d [ Jf }] N^ti)+ 1 (H»d [ J l3] N a ^ il ) 

-2d { J p] N a ^^d v C^ + (d { J p] N^) e, (240) 



so (I23ip for j = 2 imposes the following restrictions (to be satisfied simulta- 
neously) : 



0. 



(241) 
(242) 
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The former equality, (12411) . cannot take place. (The Euler-Lagrange deriva- 
tives of the right-hand of (1241 j) with respect to ip p vanishes obviously, while 
that of the left-hand side is nonvanishing.) Neither does equation (I242p be- 
cause in the opposite situation the quantity d^ip^N 013 should be constant. 
The requirement that is of the form (12311) for j = 2 implies thus the 
condition 

N af3 = 0. (243) 
Integrating now by parts equation (I23ip for j = 3, it results 

4 3) = d» [{d [a ^) WZB,.,] + 7 [- (Mfl) N^PB,,,] 

-3 (d^) N^rd P V^ P ~ d u (diorfflNoW) (244) 

so co>2 reads as in (I23ip for j = 3 if and only if the next properties are verified 
simultaneously: 

(d^) - (Mfl)^ |a V = dH v \ (245) 

d^flN^P = d"k, (246) 

with A; M and k local quantities and k having in addition a spinor-like behavior. 
Equations (I245p and (I246p are incompatible, so the requirement that lo^ is 
of the form (I23ip for j = 3 reveals the condition 

= 0. (247) 

(The incompatibility between conditions (12451) and (12461) can be emphasized 
for instance by taking N^ a/3 to be a 4 x 4 matrix with spinor-like indices that 
is solution to (I246p . Since A; is a derivative- free spinor, this solution inserted 
in the left-hand side of (I246P gives 

(d [o $ p] ) N^ af3 ip v - (a [a ^j) j\H a/ V^ = (d^k) V - {d v k) ^ 

= (kif) v] ) - k (<9^ ] ) 

^ d {lx k v \ (248) 

which shows that (I245p cannot be satisfied and proves thus our assertion.) 
We are left now with equation (123 ip for j = 4. Integrating it by parts, we 
obtain 
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+7 [A, (d { J p] )N^i; v ] 
+d,[(d [a ^ ] )N^] Wrt-ZA,) 

+\ (d[a^]) {N^ aP - icx pA M^V^) (c^VM) V- (249) 

From (12491) we notice that can be written like in (123 ip for j = 4 if and 
only if the next formulas hold simultaneously: 

[d^n) N^W = d p K^ p , (250) 

^OfiMaPj = yjjyafl/w ^51) 

In the above K p,vp has a spinor behavior, is derivative-free, and completely 
antisymmetric in its Lorentz indices, while jV M1/ ' Q/3 is defined via 

N^W = N^W - ia pX M pla ^ xpu . (252) 

Equation (I250p shows that N pu ^ a/3 cannot depend on the scalar field (p, being 
therefore some constant, 4x4 matrices with spinor-like indices. Under these 
circumstances, (I250p becomes equivalent to 

d p (2i> x N Mpx - K^ p ) = (253) 

and, since the quantity under derivative is derivative-free, (I253p produces 

2ip x N pulpx = K pup . (254) 

Taking into account the complete antisymmetry of K pup , from the last for- 
mula it follows that N pu \ px must be also antisymmetric with respect to its 
first three indices. On the other hand, N pu \ px is known to be antisymmetric 
in its last two indices, so they must be fully antisymmetric with respect to 
their Lorentz indices. In D = 4 there is a single possibility for the solution 
of equation (I250p . namely 

jyHpA = £ ^ P x ( A . i + - lk2lb) ^ (255) 

with k\ and &2 some arbitrary, real constants. In order to solve the last 
condition, (12511) . we decompose the matrices N pu \ a/3 according to the basis 

ftrtofl = ftH^ + + n p ^ al3 Y X + n^fY Xa + ^ |a/3 7s, (256) 
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where tj/H ^ np^' a/3 , n^ a/3 , n^*^ ', and fi pv ^ are some Lorentz tensors, 
completely antisymmetric in their lower indices, displaying the same symme- 
try/antisymmetry properties like N^ a/S with respect to their upper indices, 
and depending only on the undifferentiated scalar field. Since in D = 4 the 
only constant Lorentz tensors have an even number of indices, the decompo- 
sition (12561) reduces to 

ftrtap = £H°0 + n^Y^ + n^js- (257) 

Asking that (12571) satisfies (1251 p and using properties fTT0|) (TTTj) . it follows 
that n/H"/^ n 1 ^ , and n pu \ al3 consequently exhibit the symmetry /antisymmetry 
properties 

ftH°0 = -rf^\ (258) 
^ = ^ (259) 

jjH«0 = (260) 

Because all the constant Lorentz tensors can be constructed out of the flat 
metric and the Levi-Civita symbol and we work in D = 4, it is easy to 
see that there are no such tensors that fulfill the properties (I258p - (I260I) and 
hence the solution to (I25ip is purely trivial 

N^ aP = 0. (261) 

Replacing now (12551) and (I26ip into (I252p . we conclude that 

ia pA M p|Q V^ = ^ vpX {h + i& 2 7 5 ) • (262) 

The last relations allow us to identify the concrete expression of the matrices 
M p ^, which are restricted to be constant. This can be done by decomposing 
these matrices along the basis ^ 

MpW = rh pla(3 + m^V + m£l Q V e + rh^l™ 1 + ™ p|a/ S, (263) 

where m p ' a/3 , m^' ^, fhas^, fha^y > an d m p ' a/3 are some constant, nonderivative 
Lorentz tensors, antisymmetric in their lower indices and with the symmetry 
properties of M p l°^ with respect to their upper indices. Invoking one more 
time the even number of Lorentz indices for any constant tensor in D = 4, 
only the second and the fourth terms from decomposition (I263j) will survive, 

M p \ af) = m p J aP Y + m^7 CT£7 . (264) 
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Their general expressions are 

m p J al3 = he paP a + k 2 a p[a 5^\ (265) 
™S? = -\he u£1 ^ + ±h6l?6?5® (266) 

with ks some constants. From the Fierz identities 

lon v»P = s^ + l*^, (267) 
laHT" = -W-fc' 4 , (268) 

the duality relations (jSJ), and formulas (I264l) - (l266p . the left-hand side of 
equation (12621) becomes 

^M^V" = ^ pua(i (-ijfe 3 + fc 275 ) - 2<r" [ V /31 " (ijfe 4 + feiTs) 

[i (fc - + (-h + h) 75] 
-^V" [i (* 2 - £4) + + fc 3 ) 7b] , (269) 

such that (I262p projected on the elements of the basis ([6]) amounts to three 
independent equations 

- 2ie^ af3 k 3 - 21(7^ a®" k A = e^h, (270) 

2e puaf5 k 2 - 2a" [a a p]v k 1 = \e puaf3 k 2 , (271) 

[a^8% - a^f>j) & - h)-(a^ pX - a^ pX ) (-k, + k 3 ) = 0. 

(272) 

The previous relations are nothing but an algebraic system with the un- 
knowns k\, k 2 , k\, k 2 , k 3 , and k±. 

2ik 3 + ki = 0, k 4 = 0, (273) 
2k 2 - ik 2 = 0, h = 0, (274) 
k 2 -h = 0, -h + k 3 = 0, (275) 

whose solution is purely trivial 

k 1 = k 2 = k 1 = k 2 = k 3 = h = 0. (276) 

So far, we have shown that satisfies equation (123 ip for j — 4 if and only 
if 

M p \ aP = iV HpA = 0. (277) 
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We are now in a position to prove the assertion that a™* can be taken to 
be trivial. Substituting results (1255]! . (123511 . (12471) . and (12771) into (J2T3J, we 
identify the component a™* of (I12ip . i.e. the solution to f II 1 6 j) that fulfills 
(H22D, as 



(278) 



From the actions of the differentials 5, 7 , and s, it is simple to see that ( 12781 ) 
reads as 



ay* 



<9„ 



2i^ iC/ 7 + C/ 875 U 



+ s 



-2ir ic/ 7 + c/ 875 k 



+7 



-2i^ iC/ 7 + C/ 875 U, 



(279) 



so, in agreement with (1521) and (1581) . it will produce only trivial deformations, 
so it can indeed be made to vanish. 



B Proof of formula ( 11381 ) 



In the following we solve equation (I135P and hence proof formula (11381) . It is 
advantageous to decompose a' /mt with respect to the number of derivatives 
into 



.//int (°) ■ W 



a'™ = V + V, (280) 

(o) (i) 
where ir is derivative-free and it comprises a single spacetime derivative of 

the fields. Again, 7r and 7r mix the Rarita-Schwinger field with the BF field 
sector. Due to (12801) . equation (11351) is clearly equivalent to 

7 tt = df.UQ, (281) 
7 V = ^V . (282) 

Making use of definitions (|39|) and (j40|) . we infer 

ah (0) ^ (0) ^ (0) ^ (0) 

J% - ?_!L d £ + 2—dC^ + —dr 1 -3—dri^ 
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" 1 W c 




<9A 



^ (0) 
on 



so 7T satisfies (12811) if 



^ (0) ^ (0) 



<9 (0) <9 (0) 

The solutions to the latter equations from (12841) and also to (I285P may be triv- 
ial, but the former equation from (I284p must necessarily provide a nontrivial 

solution in order to produce cross-interactions. But 7T is derivative-free, such 
that the solutions to (12841) and (I285f) read as 

o 7r T ,, air 



~n = K, (286) 

£ = m*"»- < 287 > 

where h^, a M , and 5^ are all constants. In addition, is a spinor and 
is antisymmetric, = —b ulx . There are no such constants and hence 
(12841) and (12851) possess only the trivial solution, which further implies that 
the solution to (12811) is also trivial, 

(o) 

V = 0. (288) 
Regarding equation (12821) . from definitions fl39|) and (j4"U|) we can write 

dip,, p a{dx%) p <9ii> d(dxH^) 

47 



on _ 



' ^-3-^-^-3- 




d x d p ri 



(289) 



(i) 



so we conclude that it fulfills (1282ft if the following equations take place: 



d, 



o IX 



0, 



5A„ 



91 



7T 
IT 



0. 



Their solutions are given by 

i°9 



TX 



7T 



(290) 
(291) 

(292) 
(293) 



where the objects vE^", if, and are functions (with ^>^ u fermionic 
and spinor-like and the remaining ones bosonic) depending only on the un- 
differentiated fields, with both and A^ v antisymmetric 



-A vtx . 



(294) 
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Before solving equations (12921) and (12931) . we will show that the dependence of 

7r on H^, Afj,, and B^ v can be eliminated through some trivial deformations. 

Let N be a derivation in the algebra of the fields ip^, if M , A^, and B^ v and 
of their derivatives that counts the powers of the fields and their derivatives 







+ ^ra + (s ™ B - ) <295) 

Then, it is easy to see that for every nonintegrated density <fi we have 

where S^(j)/5^ ao denotes the (right) variational derivative of <\> with respect 
to the field $ Q ° . If is a homogeneous polynomial of degree / in the fields 
t/V, iP, f^ and their derivatives, then iV0 w = Inserting (12921 

and (12931) in (I296p for = 7r and moving the derivatives such to act on the 
fields, we infer 

Nn = U>^d { ^ v] - HdpH** + X -A^d {vu A vX + 2B^d v B^ v + d^. (297) 

Decomposing 7r as a sum of homogeneous polynomials of various degrees in 
the fields and their derivatives 

vr = 2^ 7T , (298) 

k>2 

such that iV7r = kti (with k >2 since 7r contains at least two spinors), 
we deduce 

(fc) 

ATtt = k * ■ ( 2 ") 

k>2 

Comparing (I299j) with (I297p . we conclude that decomposition (12981) induces 
a similar decomposition at the level of the functions vE^", H, A^ v ', and B^, 
i.e. 

^ = E^-D' tf=E^-D' ( 30 °) 

fc>2 fc>2 
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*r = E A H)' B " = J2 B ( k -ir ( 301 ) 

k>2 k>2 

Substituting (I300p and (1301 j) in (12971) and then comparing the result with 
(12991) . we find that 

+^ A "k-iAM + \ B [k-i)d v B, v + d$ hV (302) 

which further inserted in (12981) provides 7r as 

¥ = - Hd^H 11 + \A^d v A v] + 2 + dft, (303) 

where we made the notations 

^ = E^- a) > # = E^m> ( 304 ) 

fc>21 fc>2 

^ = E^M' ^ = E^-d- ( 305 ) 

fc>2 k>2 

As a consequence, we succeeded in bringing the solution n of equation (12821) 
to the form (I303[) . On the one hand, it is direct to see (from the former 
definition in (1331) . definitions (1341) . and formula (13031) ) that all the terms 

from 7r but the first vanish on-shell modulo d, and therefore they can be 
written in a 5-exact modulo d form 

$ = \& v d^ v] + 5 (-<p*H - B^AT - 2A;B^ + d^. (306) 

On the other hand, equation (12821) shows that 7T belongs to H° (j\d) in 
antighost number zero. Using the general result [12] according to which 
the elements of H (~f\d) independent of antifields are nontrivial elements of 
H (s\d) if and only if they do not vanish on-shell modulo d, we can state 
that all the terms from (I303j) excepting the first one are trivial elements of 
H(s\d), so they can be eliminated by trivial redefinitions of the fields. In 
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conclusion, the entire dependence of 7r on H^, A^, and B^ v can be removed, 

which proves our statement from the end of the previous paragraph. 

(i) 

Now, we come back to completing tt as solution to (12821) . By virtue of 

the above discussion, we can state that the general form of the nontrivial 

candidate to the solution of equation (12821) can be chosen under the form 

^ = ^i|+9/, (307) 

where is antisymmetric, ^/p u = — vj^, spinor-like, derivative-free (due to 
the derivative order assumption) and depends effectively on the undifferenti- 
ated scalar field tp (because otherwise 7r would not describe cross- couplings, 
but only self-interactions in the Rarita-Schwinger sector) . It is convenient to 
represent ^>p u like 

= (308) 

where ty^p are 4x4 matrices with spinor-like indices, whose elements are 
bosonic functions depending on the undifferentiated fields ip\ and (p. Accord- 
ing to the chosen basis (jBJ, v^Hp decomposes as 

$Hp = -qjHp + -qjHp^a _|_ ty^ p j al3 + ^^j al3 ' y + \j/^ |p 7 5 , (309) 

where ^p- u \p , ^ , ^^' p , ^rtlf, and are some bosonic, Lorentz tensors 
constructed out of ip\ and ip, separately antisymmetric in their lower indices 
and in the upper pair {/i, u} respectively. From (13091) and properties (fTUj) - 
(|TT|) . (I307P can be expressed as 



(i) 1 

TT = - 

2 



a/3 

+ (^]) 7^*3? + 7sVv* Hp J + d,¥. (310) 

By applying the differential 7 on (I310p . we get 



(i) 1 

7 7T = — 

1 2 



_ 1 _ _ _ fl-Rii/H* 
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d P z + d, mi) 



such that equation (12821) is fulfilled if 

~^ Hp (W - K ulp (^) 7° - (^]) 7 a/3 



dp 



+ (^^) ^ X —^L + (^) 75^a^— 



0. (312) 



The above equation implies the existence of an antisymmetric spinor-tensor 
<3>p-^ _ _(j)Ap^ depending on (p and Vv> in terms of which 

* Hp (W - *f lp (^]) 7" - *5 |P 7^ 

+Kt faA) 7 a/37 + * H " (^]) 75 + (^j) 



9^- 



+ (MJ ^^-Q^- + = ^ $PA ' (313) 

In order to analyze equation (13131) . we compute its Euler-Lagrange derivative 
with respect to y> and deduce the necessary condition 

5 



* Hp (M-i) - (M-i) 7° - *S P (M-i) 7 a/3 



+Kt WJ 7 a/37 + * H " (^j) 75 + (^j) ^ A 



-(^])7^a^ (WA- " 



,[A" 

= 0. (314) 
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Since ^^s are bosonic, they can be decomposed as sums of homogeneous 
polynomials of various, even degrees in the Rarita-Schwinger spinors, so it 
is enough to analyze equation (I314p for a fixed value of this degree, say 2p. 
Consequently, all the components from (13091) (namely vf'"^, Sfr^ p , ^q^' p , 
^g~, and Vj/Hp) will display the same degree with respect to ip p . Multiplying 
(13141) at the right with ip p and using (13081) . (13091) . and the homogeneity 
assumption, we finally find 

(2 v +l)j-^d { ^ =0, (315) 

which, according to (I307p . indicates that 7r cannot depend nontrivially on 
the scalar field, and therefore it describes only self-interactions in the Rarita- 
Schwinger sector, so it can be made to vanish 

(!) 

V = 0. (316) 
Based on results (12881) and (13161) . from (12801) we obtain precisely (I138p . 



C Gauge generators, commutators, and re- 
ductibility of the coupled model in case I 

From the terms of antighost number one present in (11761) . we read the nonva- 
nishing gauge generators of the coupled model (written in De Witt condensed 
notations) as 

(Z§0 = iZ[ A) ) = d^ (Z$U = -D [a 5; v (317) 

(z$) = Afi^y-^p-^V (318) 



(Z$)a = ^A p $ vl ^) A , {Z®)=\W, (319) 

[zf^U, = ~\d [a 5^ (Z^U = XW5^ (320) 

(Zgp* = -XU X $ pl ^ l5 ) A , (321) 

(Z^) = -iXU^ysf B r», (322) 
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(Z^h = (s^ + iXU.^f B A»). (323) 

The nonvanishing commutators among the gauge transformations of the cou- 
pled model result from the pieces in (11761) that are quadratic in the ghosts 
of pure ghost number one and take the form 

- x ^ z w^ + x ^%WTr (324) 

m s -^^-^(^ru (325) 



{Z M } —fy {Z m )A ~5H^ + {Z ^ } 5Ap 
SR ( Z (h))a ~ {1)Bp _ ^ R (z[h)) ~ ( i )Bp 

+X W^ ( ^ 15)a+ ^^Pf il5) A ' (326) 



d ( z w K^flh , > B tz®p\ { _M I fzmcp 

H FT7, \ Z (A) > TJT^n — IA, 



dUi 6S® 
dip 5H^ 



W{^o(T*)° B-iX^'^iTs)* B , (327) 



s R (z^yg - (I)C s^iz^u ( ~ mCl , 

S^jC P ( Z M>) M + ^ Cp ( Z W ^ 



^A 7 ( 7 V^7 5 ) AB (^) a , (328) 

A p 17 7 75 ^ B A dp [1 7 75j ^ ' ld 9j 
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~^f P [Z W )A+ J^fP [Z w )B 



= xd ^^^^) AB + l^ (330) 

The structure of the terms linear in the ghosts with pure ghost num- 
ber two or three from (11761) shows that some of the reducibility functions 
are modified with respect to the free theory and, moreover, some of the re- 
ducibility relations only hold on-shell. From the analysis of these terms we 
infer the first-order reducibility functions 

(^ I)q Vp = -\d { ,5:5% (331) 

(Z? aP \u P = (332) 

(^F )q/37 Wa = -^WK], (333) 
and respectively the second-order ones 

®~)+* = -l D i°m- < 334 > 

Finally, the associated first- and second-order reducibility relations are listed 
below: 

(Z^UiZ, ) vpX - -\—A [v 5 pim - 2\—8 {vim , (336) 

(zlXMZ (I)a ^) P x^ = 0, (338) 
f yO)c^ />(W\ \d 2 W X a X p8S® ,dW p 5S^ 

(z?^u (z?^) sevk + (^ i)a ^u^ pA w = ^m 6 ^- 

(340) 
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